In this article, a system of finite-dimensional involutive functions is presented and proven to be integrable in the Liouville sense. By using the nonlinearization method, the C. Neumann system associated with the modified Korteweg-de Vries (mKdV) hierarchy is obtained. Thus, the C. Neumann system is shown to be completely integrable via a gauge transformation between it and an integrable Hamiltonian system. Finally, the solution of a stationary mKdV equation and the involutive solutions of the mKdV hierarchy are secured. As two examples, the involutive solutions are given for the mKdV equation: u,+ ;uXXX-$u2u,=0 and the 5th mKdV equation v,-~v,,,~~+~u~v,,~+~vv,v,,+ &~-$v4uX=0.
' Zhijun Qiao: integrable Neumann system and mKdV hierarchy II. AN INVOLUTIVE SYSTEM, C. NEUMANN SYSTEM, AND GAUGE TRANSFORMATION The Poisson bracket of two functions F, G in the symplectic space (R2'v,dpr\dq) is defined by I3
(1)
The functions F, G are called involutive if (F,G)=O. Now, we construct a set of functions {F,} as follows:
F,= -i(h 2m+1~,~)+: jj ((n2jp,p)-(A2jq,q))((A2;m-j)p,p)-(A2(m-j)q,q)) j=o 1 m ((h2j-'p,p)+(A2j-1q,q)) 2(A 2(m-j )+ lq,p)
where A, ,..., AN are N different constants, A=diag(ht ,..., X,), q=(q, ,..., qN)T, p=(p~ ,..., p~)~, and (-, .) is the standard inner product in RN. In particular, one has
Through a lengthy calculations, it is not difficult to get the following results. Lemma I:
(2,$+(2,2), Vk,leZ+. 
Consider the spectral problem
yx= u
J. Math. Phys., Vol. 35, No. 6, June 1994 where v is a potential function, X is a spectral parameter, y = (yi ,yz)r. Let A, ,...,XN be N different spectral parameters of Bq. (7), and yj = (ej , pj)T be eigenfunctions corresponding to Xi . Then it is easy to calculate the functional gradient SAjI6U of Xi with regard to v (8) which satisfies the linear equation
Gu14 has proven that under the Bargmann constraint (Ref.
2) Go= Cy= i SXjISLJ 7 i.e., u = (P, Q), IQ. (7) is nonlinearized as a completely integrable system in the Liouville sense. Here Go = u is the second element of the Lenard's recursive sequence {Gil Gj=S'Gj-1, G-i = 0 (d-IO= 1, G,,=i.%G-,=u), j=O,1,2 ,..., }. N ow, we consider the C. Neumann constraint2 N GmI=-4is X;'SXk/Sv, i2=-1.
k=l Acting with the operator SF upon Eq. (10) and noting Eq. (9), we get u= -4i(P,AQ).
Under Eq. (1 I), Eq. (7) is nonlinearized as Q,= -4i(P,AQ)Q+A2P, P,= -Q+4i(P,AQ)P,
02)
which is called the C. Neumann system of Eq. (7). A basic problem is whether the C. Neumann system (12) is completely integrable in the Liouville sense or not. In order to prove the integrability of Eq. (12), we make the transformation Q= ;(p+q),
Thus, Eq. (12) becomes which is exactly the Hamiltonian system (6). On the contrary, Eq. (6) can be changed into Eq. (12) via the inverse transformation of Bq. (13) q=Q+iAp, p=Q-iAP.
By the integrability of Eq. (6), from Eq. (13) we immediately know that Eq. (12) is completely integrable. The transformation (13) is called the gauge transformation between the C. Neumann system (12) and Hamiltonian system (6). We denote by g: the solution operator of the initial-value problem of (F,). Since (Fa , F,) =O, the two Hamiltonian systems ( Fo), (F,) are compatible, and their phase flows ,gc, g: (tc=x) commute.13 Define (;;:;;;J =a?( g', j, (18) which is called the involutive solution of the consistent equations (F,) and (F,), and is a smooth function of (x,t,).
III. A STATIONARY MKDV SYSTEM AND INVOLUTIVE SOLUTIONS OF MKDV HIERARCHY
Theorem 5: Let (q(x,t,), p(x,t,)) be an involutive solution of the commutative flows (F,) and (F,). Then u=-4i(P(x,t,),AQ(x,t,)),
is a solution of the higher-order mKdV equation
In the above lengthy calculations, Eqs. (5), (6), (14), and (16) 
where (q(x,t2),p(x,t2)) is an involutive solution of the consistent systems (F,) and (F2).
